Remarks on centrality and cyclicity in linear groups  by Wehrfritz, B.A.F
JOURNAL OF ALGEBRA l&229-236(1971) 
Remarks on Centrality and Cyclicity in Linear Groups 
B. A. F. WEHRFRITZ 
Department of Mathematics, Queen iWary College, London, England 
Commwicated by J. a. Green 
Received May 1, 1970 
This note is a short adjunction to our papers [7] on automorphisms of 
soluble groups and [9] on supersoluble linear groups. In their exceptionally 
fine paper [4] J. C. Lennox and J. E. Roseblade discuss three group-theoretic 
properties with respect to finitely generated soluble groups. Corresponding 
questions arise for linear groups and especially for finitely generated linear 
groups. The answer to one is trivial and the answer to the other two in the 
finitely generated case follows easily from results in [7]. One of the properties 
involves central height and suggests corresponding questions about paraheight 
[9]. Answering these, in fact, occupies the principal part of this note. 
1. STUNTEDNESS 
A group G is said to be centrally stunted of height h if there exists an integer 
k such that every subgroup of G has central height at most h, and if h is the 
least such k. Lennox and Roseblade prove, for example, that a finitely generated 
abelian-by-nilpotent group is centrally stunted and K. W. Gruenberg [l] 
has shown that torsion-free linear groups are also centrally stunted. 
Theorem B of [6] states that if G is a linear group of degree n with hyper- 
centre 5(G) then K(G), l~(n!+n~-nPl . IS a diagonal&able n!-group. Hence we 
have: 
1.1. Let G be a linear group of degree n and suppose that there exists an 
integer k such that the diagonalizable n!-subgroups of G have order at most k. 
Then G is centrally stunted of height at most +(n! + n” - 72) + log, k. 
1.2. The following groups satisfy the hypotheses of 1.1. 
(i) GL(Tz, R) where R is a finitely generated integral domain. 
(ii) Finitely generated linear groups. 
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(iii) GL(n, Q). 
(iv) n!-torsion-free linear groups of degree n, and in this case k may be 
taken as 1. 
For by 3.2 of [7] (=[8,4.8]) GL(?z, R) contains a normal subgroup T 
of finite index such that the elements of T of finite order are unipotent. Thus 
the diagonalizable n!-subgroups of T are trivial and we may take for 12 the 
index of T in GL(n, R). (ii) follows at once from (i). With regard to (iii), if 
D is any diagonalizable n!-subgroup of GL(n, Q), D has rank at most n. 
Also if d E D the eigenvalues of d are roots of unity that are roots of a 
polynomial of degree n over Q. namely the characteristic polynomial of d. 
There exist only a finite number of such roots of unity and the number 1~ of 
such bounds the order of d. Hence 1 D j < nzn and (iii) follows. Of course, 
(iv) is obvious, with K equal to 1. 
Since there exist linear groups with infinite central height not every linear 
group is centrally stunted. We can say a little more. 
1.3. There exist linear groups each of whose subgroups has finite central 
height and that are not centrally stunted. 
Letp 3 0 be any characteristic and n an integer not less than 2 (3 if p = 2). 
For i = 1, 2,..., there exists a linear group Gi of degree ~z over a field of 
characteristic p that is nilpotent of class i ([S, 8.31). Put G = +++F=“=, Gi the 
free product of the Gi . It follows easily from the Kurosh Subgroup Theorem 
([2, $17.31) that every subgroup of G has finite central height. G is isomorphic 
to a linear group of degree n + 1 over a field of characteristic p ([5]).l 
We recall some definitions from [9]. Let G be any group. A normal sub- 
group N of G is called G-hypercyclic if there exists an ascending series of 
normal subgroups of G running from (1) to N whose factors are all cyclic. 
X(G) denotes the product of all the G-hypercyclic normal subgroups of G. 
The paraheight of G is the least ordinal y for which there exists a series 
(1) =nT,CN,C...CN,_C...CN, =X(G) 
of normal subgroups of G such that for each a: < y every subgroup of 
N*+r/N, is abelian and normal in G/N, . We shall say that G has stunted 
paraheight h if there exists an integer K such that every subgroup of G has 
paraheight at most K, and if ITZ is the least such K. Our object now is to prove 
the result for paraheight analogous to 1.1. 
1 Using Lemma 3 of [5] and the Gi above it is possible to construct a slightly 
difierent G that is linear of degree n. 
CENTRALITY IN LINEAR GROUPS 231 
LEMMA 1.4. Let p be a prime, G a jinite $-group and A a hypevcyclic 
G-module that is a p-group as a Z-nzodule. Then A has G-paraheiglzt at most 
(G : G’G*-l). 
Proof. Let I3 be a G-module of orderpa, C a submodule of B of orderp and 
suppose that B/C and C are not isomorphic as G-modules. Then B splits 
over C (as G-module). For suppose that B is generated by a single element b as 
Z-module. Then pb generates C and bC ++ pb determines a G-isomorphism 
of B/C onto C. No such isomorphism exists and consequently B has exponent 
p. But then the extension splits by Maschke’s Theorem. 
Let T7, ,..., I’, be a complete set of representatives of the isomorphism 
classes of G-modules of order p. Since the automorphism group of a cyclic 
group of order p is cyclic of order p - 1, we have T < (G : G’Gn-‘). We 
consider first the case when d is finite. There exists a series of G-submodules 
of r’l running from (0) to B with factors of order p. By the paragraph above 
we may interchange two adjacent factors if they are not G-isomorphic, 
Hence A contains G-submodules -4, ,..., 9,. such that 1 4 / = nl i A, j and 
such that the G-composition factors of each -4, are isomorphic to I’, . It is 
easy to see that d = ($& zjli . 
We prove that & has G-paraheight at most 1. Let g E G. Then g induces an 
automorphism of order s say on k’< . There exists an integer k such that the 
endomorphism s w Kx of & is an automorphism of order s that induces on 
the G-composition factors of Ai the same automorphism as g. (Z j p” contains 
a subgroup of its group of units of order p - 1 that maps onto the group of 
units of Z 1 p.) We prove by induction on the order of & that Gig = Kx for 
every 5 in 3, . Apart from the trivial case --li = -CO), =li contains a G-sub- 
module B of index p and an element a such that A, = (a: B). By induction 
:~g = kx for everv x in B and by the choice of k, ag = ha + b for some h in 
B. (*). I f  t = / g i, repeated application of (*) yields 
a = ag*f = ksta + .&-lb. 
Now ksa = a and s, t and k are prime to p. Hence b = 0 and -gi has G-para- 
height at most 1. 
We now drop the assumption that il is finite. I f  X is any finite subset 
of d, then X generates a finite G-submodule (X) of d. By the above 
(X) = t@izl (X)i where the G-composition factors of (X)$ are isomorphic to 
Vi and (Xi) has G-paraheight at most 1. It follows that d = %;-=I & , where 
the G-composition factors of Ai are isomorphic to r;i,i and di has G-paraheight 
at most 1. Therefore A has G-paraheight at most r. 
I f  G is a linear group ,u(G) = (gU , g, : g E G) where g = g,g, is the 
Jordan decomposition of g over a (fixed) algebraic closure of the ground field. 
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THEOREM 1.5. If G is a linear group of degree n then h(G) contains a 
diagonalizable torsion normal subgroup A of G such that G/A has paraheight 
at most n! + +n(n - 1) + log, n! + 1 and a diagonalizable normal n!-subgroup 
A, of G such that G/A, hasparaheight at most 2(n!) + &n(n - 1) + log, n! + 1. 
Proof. h(G) contains a triangularizable normal subgroup T of G such that 
(h(G) : T) divides n! ([9, 4.41). Put K = p(T n G’) and G = KG. h(G) n G 
is locally nilpotent since the automorphism group of a cyclic group is abelian. 
Thus K is triangularizable, locally nilpotent (hence nilpotent) and 
K = KU x Kd ([6, Lemma 51 or [8, 7.141). Since K = K,(T n G’) = 
K,(T n G’), K is G-hypercyclic. 
KU has G-paraheight at most Qn(n - 1) ([9, 4.31). Kd is diagonalizable 
since K is triangularizable. Hence (G : C&K,)) divides n! ([8, 1.121). Let B be 
the torsion subgroup of Kd . By ([9, 4.11) K,/B has G-paraheight at most n! 
Therefore G/B n G has paraheight at most tz! + $z(n - 1) + log, n! + 1. 
Denote by B, the subgroup of B consisting of its n!-elements. By 1.4 
B/B, has G-paraheight at most (G : eC,(B)) < n!. Thus G/B, n G has 
paraheight at most 2(n!) + +n(n - 1) + log, n! + 1. 
COROLLARY 1.6. Let G be a linear group of degree n and suppose that there 
exists an integer k such that the diagonalixable n!-subgroups of G have order at 
most k. Theu G has stuntedparaheight at most 2(n!) + tn(n - 1) + log, kn! + 1. 
2. EREMITICITY 
A group G is called centrally eremitic of eccentricity e if there exists 
a positive integer f such that for any subset X of G if some positive power of 
an element g of G lies in the centralizer of X in G then so does gf, and if e is 
the least such f, [4]. For example, G is centrally eremitic of eccentricity 1 if 
and only if all centralizers in G are isolated. Lennox and Roseblade prove 
that finitely generated abelian-by-nilpotent groups, amongst others, are 
centrally eremitic. 
2.1. Let G be a group, {Hi : i ~1) a set of normal subgroups of G such 
that ni Hi = {I} and X any subset of G. Then Co(X) = fii (Hi . C,(X)). 
For if x E X and y  E ni Hi . C,(X), then [x, y] E ni Hi =: (1). Hence 
y  E C,(X). The containment the other way round is trivial. 
2.2. Let G be a group and T a normal subgroup of G of finite index rn 
such that T is residually a finite r-group and residually a finite &-group for 
some set of primes r. Then T is centrally eremitic of eccentricity 1 and G is 
centrally eremitic of eccentricity dividing m. 
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Let X be a subset of G, g an element of G and suppose that g” E C,(X) for 
some integer Y > 0. Put C = C,Co(gr) _C C,(X) and N = NG(C). By 2.1 
(N n T)C/C is residually a finite r-group and residually a finite &-group. 
Hence (hi n T)C/C is torsion-free. But g lies in h’, so gm E 1V n T. Also 
g’ E C, so g”’ E C C C,(X). Thus G is centrally eremitic with eccentricity 
dividing nz. By taking nz = 1 it follows that T has eccentricity 1. 
COROLLARY 2.3. The following groups are centrally erenzitic and contain a 
normal subgroup of finite index with eccentricity 1. 
(i) GL(n, R) where R is a jinitely gefzerated integral domaiz oj charac- 
teristic zero. 
(iij Finitely generated linear groups OZXY jields of characteristic zero. 
(iii) Reduced soluble minimax groups and any group of automwphisms 
of such a group. 
(iv) Polycyclic groups and any group of automoyphisms of such a group. 
(i) follows from 2.2, and 1.6 of [7] (=[8, 4.71); (ii) follows from (i); (iii) 
follows from 2.2 and [7, Theorem Riii]); and (iv) follows from (iii). 
Lennox [3] points out that C, 7 ? C, is an example of a finitely generated 
metabelian group that does not contain a subgroup of finite index with 
eccentricity 1, but proves that every finitely generated torsion-free abelian-by- 
nilpotent group does have such a subgroup. 
2.4. If  R is a finitely generated integral domain of characteristic p > 0 
then G = GL(n, R) is centrally eremitic and contains a normal subgroup of 
finite index with eccentricity dividing 
-[-log,nl 
P . 
This result is a special case of 2.8 below, so we omit its proof. Putting 
?.3(ii) and 2.4 together we obtain: Every jkitely generated linear group Zs 
centrally eremitic. 
Trivially periodic linear groups are seldom centrally eremitic. It is possible 
that torsion-free d-groups are centrally eremitic, certainly for any field F, 
every torsion-free d-subgroup of SL(2, P) is centrally eremitic of eccentricity 1~ 
There exist torsion-free linear groups that are not centrally eremitic. 
2.5. GL(n, C) contains a countable torsion-free metabelian group that 
is not centrally eremitic. 
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Let {Q+ : i = 1, 2,...} be a basis of a free abelian subgroup of C* and for 
i = 1, 2,..., let ti be a primitive i-th root of unity. Put 
G = ((: ;), (a$ ;i, :i = 1,2 ,... ). 
Clearly G is torsion-free and metabelian. Also the centre 2 of G contains only 
scalar matrices and by construction G/Z contains elements of every finite 
order. 
In a linear group every centralizer is closed in the Zariski topology ([8, 5.41). 
Our object now is to generalize 2.3(i) and 2.4 by replacing centralizer by 
closed subgroup. 
2.6. Let R be an integral domain, {& : i E I} a set of ideals of R such that 
niGrai = (Oh G a subgroup of GL(n, R) and H a closed subgroup of G. If  
@ denotes the natural map of R onto RIG& and &i the induced map of Rn onto 
W4n 3 and if Ki = G n (1 + ker $ni), then H = niEI HK, . 
There exists a subset S of R[(X,j)], the polynomial ring over R in na 
indeterminates, such that if g E G then g E H if and only if f(g) = 0 for 
everyfin S. (Certainly the closure of H is defined over the quotient field of R 
and multiplying through a finite basis of the annihilator ideal of H over this 
field by a common denominator yields such an S.) Let fi denote the poly- 
nomial over RIO& whose coefficients are the images under #i of the coefficients 
off. Trivially H _C ni HK, . Let x E ni HK, . Then R = yi + ki for some 
yi E H and ki E ker $ni. Hence if f E S, 
f(x)@ = fi(X&i) = fi(Yi&i) = f (yJ@ = 0. 
Therefore f (“y) = 0 for every f in S and so x E H. 
2.7. Let R be a finitely generated integral domain of characteristic 
p 3 0 and G = GL(n, R). Then 
(a) if p = 0, for all but a finite number of primes 4, G contains a 
normal subgroup T, of finite index such that for every closed subgroup H of 
G, (N,(H) n T,JH/H is residually a finite p-group. 
(b) if p > 0, then G contains a normal subgroup T of finite index such 
that for every closed subgroup H of G, (N,(H) 17 T)H/H is residually a 
finite p-group, 
Let +. be a maximal ideal of R and suppose that R/j has characteristic 4. 
I f  T = {g E G : g = 1 rnodjn} then T is a normal subgroup of G of finite 
index. Also firZ1p = (0} by the Krull intersection theorem, and if Ki = 
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G n (1 $ (,‘z”),J, then T/K, is a finite q-group (see proof of [7, 1.61, same as 
[8,4.7j). By 2.6, H = n;, HK, , so H = n:, H(N A K?), where N = iV,(H) 
and further 
H(N n T) (N n T)K, 
H(N n Ki) G (N n T)K, 
is a finite q-group. 2.7 now follows from the proof of [7, 1.61. 
Let G be a linear group. We say that G is ecs (eremitic w.r.t. closed 
subgroups) of eccentricity e if there exists a positive integer f  such that if H is 
a closed subgroup of G and s is an element of G such that some positive 
power of x lies in H, then ~yf E H, and if e is the least suchf. Clearly a subgroup 
of an ecs group of eccentricity e is ecs of eccentricity at most e. 
THEOREM 2.8. If  R is a jinitely generated iutegral domain of characteristic 
p >, 0 afld G = GL(n, R), then G is ecs and contains a normal subgroup of 
finite index with eccentricity 
1 if p = 0, 
dividing p-[-logp’I if p>O. 
Proof. Suppose that H is a closed subgroup of G, x an element of G 
and r a positive integer such that xr E H. Let F denote an algebraic closure of 
the quotient field of R and put K = G n cX~(Y), the closure of i?cr> in GY 
and N = X,(K). 
Assume first that p = 0. There exist two distinct primes q1 and qz for which 
there exist subgroups Tql and Tgq of G satisfying 2.7(a). Let T = T,+ 19 T,* _ 
T has finite index m say in G. gy 2.7(a), (N n T)K/R is residually a fi&e 
q,-group, for i = 1, 2, and hence is torsion-free. Also x”’ EN ,q T and 
x”’ E K, so .P E K C H. 
Assume now that p is positive. Let T be the normal subgroup of G of finite 
index constructed in 2.7(b). Putting m = (G : T) it follows that N” E N n T 
and 1~‘:‘~~ E K. (,V n T)K/K is residually a finite p-group, so each of its finite 
subgroups is a p-group. &(N)/&(K) . IS isomorphic to a linear group over F 
(8, 6.4) and each of its p-elements is the image of a p-element (= unipotent 
element) of OIF(N). ((8, 6.5, 6.6, 7.2, 7.31.) Hence every p-element of 
CIF(N)/flF(K) has order dividing p-C-lox~nl. But IS is closed in IV, so 
R = cZ!J,K) fi N. Therefore .IF~-[-~~~~~’ E KC H and the proof is complete. 
The following two corollaries of 2.6 may be of some interest. 
COROLLARY 2.9. Let R be a finitely generated integral domain, G a subgroup 
of GL(n, R) and II a closed subgroup of G. Then H = &L, where L ranges 
over all the subgroups of G of finite index containing H. 
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Let (c& : i E 11 be the set of all the maximal ideals of R. Then flicl CC’~ = (01, 
and in the notation of 2.6 we have that (G : K,) is finite for each i in I and 
H = &, HK, . 
COROLL~Y 2.10. Let R be a jinitely generated integral domain, G a 
subgroup of GL(n, R) and H 2 K _C G subgroups of G such that II contains the 
connected component K0 of K. Then there exists a subgroup L of G of jnite index 
such that H = K n L. 
By 2.9 G n @JKO) = n L where L ranges over all the subgroups of G of 
finite index that contain G n @JKO). Now K” = K n ed,(KO) and K/K0 
is a finite group. Hence there exists a subgroup kf of finite index in G such 
that K” = K n M. Put N = &So iW. Then N is a normal subgroup of G 
of finite index and H = H(K n N) = K n HN. 
The third main result of [4] is that for a finitely generated abelian-by- 
nilpotent group there is a bound on the length of a strictly ascending chain 
of centralizers. The centralizer of a linear group in the full matrix algebra 
is a subalgebra, and in particular is a subspace. Hence trivially a chain of 
centralizers without repetitions in a linear group of degree n has length 
bounded, for example, by z2 - 1. 
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